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ABSTRACT: We study the melt rheology of randomly branched polymers in the hyperbranched polymer (HBP)
class which are formed by the co-condensation of AB and AB2 type monomers. Specifically, we study the effect
of branch lengthMx on the entanglement transition in the HBP class. To this end, two series of HBPs were
prepared using AB2 mole fractions of 10% and 1% respectively. This allowed us to varyMx from just below to
just aboveMe, the entanglement molecular weight for linear chains of the same chemistry. For the 10% branched
samples (Mx < Me), we were able to quantitatively model the low and intermediate frequency rheology data
using a Rouse model for unentangled chains. For the 1% branched samples (Mx > Me), there is a clear entanglement
plateau for the higher molecular weight samples and we were able to quantitatively model the rheology around
the entanglement plateau region using the tube model. Our data demonstrate conclusively that the entanglement
transition for randomly branched polymers in the HBP class is controlled byMx and the transition occurs around
Mx ≈ Me. These conclusions are the same as for randomly branched polymers in the percolation class. We are
able to explain these results using either the Colby-Rubinstein model or double reptation model for entanglements
if we assume that whole moleculesandside branches with Rouse times less than the Rouse time of an entanglement
do not contribute to entanglement formation.

1. Introduction

The entanglement transition is one of the most fundamental
dynamic transitions in polymer systems. For monodisperse linear
polymer melts, it is well established that the entanglement
transition is controlled by the chain length or molecular weight
M and the transition occurs atM ) Mc ≈ 2Me, whereMe is the
entanglement molecular weight, a material specific parameter.
The entanglement transition is accompanied by a sharp change
in slope in the viscosityη0 vs M curves such that1-3

whereK is a temperature-dependent constant.
However many commercially important polymers are not

linear but randomly branched, for example low-density poly-
ethylene (LDPE) and metallocene-catalyzed polyolefins. For
randomly branched systems, the entanglement transition is
considerably more complex for several reasons. First, there are
many mass scales in these systems, and it is not clear which of
these control the entanglement transition. Possible candidates
include the branch lengthMx (i.e., the molecular weight of chain
portions between branch points), the span length (i.e., the

molecular weight of the longest linear path through the branched
molecule) and the total molecular weight, all appropriately
averaged over the ensemble. Second, it is not clear where the
entanglement transition occurs in relation to these mass scales.

For randomly branched polymers in the percolation class (e.g.,
polymer gels, vulcanized rubbers), the entanglement transition
has been studied in detail in the seminal work of Colby and
co-workers.4-6 These authors studied the dynamic critical
exponents of various percolation systems close to the gel point
as a function of the branch lengthMx. In particular in ref 6,
they collate data from their own studies and the literature and
find that dynamic critical exponents assumed unentangled Rouse
values forMx < 2Me, and non-Rouse values forMx > 2Me due
to the effect of entanglements. Their study therefore shows
conclusively that the entanglement transition for randomly
branched polymers in the percolation class is controlled by the
branch lengthMx and the transition occurs aroundMx ≈ Me.

This is a nontrivial result. In this paper, we wish to study
whether the same result also holds true for other randomly
branched polymer systems. Specifically we choose to study
randomly branched polymers in the hyperbranched polymer
(HBP) class. The best known system in this class is randomly
branched polymers formed from a one-pot polycondensation
of AB2 monomers, where the chemistry is such that A reacts
exclusively with B.7,8 This route produces short chain branched
HBPs which have potential applications as rheology modifiers
for polymer processing.9,10 Recently Read and McLeish11 have
shown that under certain reactor conditions (i.e., steady state
continuous stirred tank reactor, CSTR), metallocene-catalyzed
randomly branched polyolefins also belongs to the HBP class.
This route produces long chain branched HBPs with controlled
long chain branching and opens up the possibility of producing
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branched polyolefins with tailored properties on a commercial
scale.12

Motivated by the study of Colby and co-workers, we study
the effect of branch length variation on the entanglement
transition of HBPs. The HBPs used in this study are produced
by the one pot condensation route and in order to vary the branch
length, we mixed in different proportions of AB monomers in
the polycondensation reaction. To bracket the transition fairly
tightly, we prepared two series of HBPs, one whereMx was
just below Me and another whereMx was just aboveMe.
Unfortunately, unlike percolation systems, there is no gel point
for HBP systems because the gel point is destroyed by nonmean
field fluctuations.13,14 (In the context of randomly branched
polymers, fluctuations refer to fluctuations in the number of
characteristic polymers within a characteristic volume.15,16When
these fluctuations become large (relative to the mean value),
intramolecular loops and excluded volume interactions also
become important. Following ref 16, we therefore use the
shorthand “fluctuations” to refer to all of these phenomenon.)
Because of the absence of a gel point, it is not possible to
characterize the degree of entanglement of a HBP system by
measuring dynamic critical exponents. Instead we characterize
the degree of entanglement by quantitatively analyzing the
dynamic moduli (i.e.,G′, G′′) of HBPs over a wide frequency
range. In the unentangled regime, we fit the rheology data using
the Rouse model.17 In the entangled regime, we fit the rheology
data using a tube model adapted for long chain branched HBPs
which is described in detail in appendix A.

We note that previous authors have also sought to model the
rheology of entangled randomly branched polymers using the
tube model. For example Kasehagen et al.18 have fittedG′, G′′
for long chain branched polybutadiene using the McLeish and
O’Conner model for star-linear blends.19 McHugh and co-
workers20 have also fittedG′ andG′′ for HBPs similar to ours
using a tube model for Cayley trees (i.e., long chain branched
dendrimers) developed by Blackwell et al..21 However in both
studies, the spacer “seniority distribution” that was used is
strictly speaking not correct (see section 3.3.2 for a definition
of seniority). In our study, we first determine the branch length
and branching probability for all our samples via NMR
measurements coupled to a detailed reaction kinetics model.
Using the branching probability, we then calculate the spacer
seniority distribution for all our HBP samples from first
principles using the recent theory of Read and McLeish.11

The rest of the paper is organized as follows. In section 2,
we describe the experimental details of our study, including the
synthesis of the HBPs, SEC, DSC, NMR and rheology. In
section 3, we describe the theory used to model the experimental
data, including the static scaling model used to analyze the SEC
data, the reaction kinetics model used to analyze the NMR data
(in order to extract the branch length and branching probability),
and the Rouse and tube model used to analyze the rheology
data. In section 4, we discuss the results from our theoretical
analysis of the experimental data. In particular, we find that
the entanglement transition for HBPs is controlled by the branch
lengthMx and the transition occurs aroundMx ≈ Me. In section
5, we present scaling results to explain the entanglement
transition for randomly branched polymers. Finally, in section
6, we present a summary of our conclusions.

2. Experimental Details

2.1. Synthesis.The hyperbranched polymers used in this study
are aromatic polyesters synthesized from the AB and AB2 mono-
mers shown in Figure 1. Details of the monomer synthesis can be
found in work by Keeney22 and Anderson.23 To study the effect of

branch length variation on the entanglement transition, we synthe-
sized samples with both 10 mol % and 1 mol % of branched
monomers. For HBPs with mole% of branched monomersj20%,
sample crystallization becomes an issue for this chemistry.23 To
suppress crystallization, a nominally 50:50 ratio of meta (M) and
para (P) analogues was used for the AB monomers (the AB2

monomers are referred to as T monomers). The amorphous nature
of the resultant HBPs meant that we could perform melt rheology
at significantly lower temperatures where sample drying conditions
are no longer critical.

The synthesis of the HBPs proceeded as follows. The monomers
were dried and added to the reaction vessel. Titanium tetrabutoxide,
a thick viscous liquid, was then added as a transesterification catalyst
in the ratio 1 mg:1 g (catalyst:monomer) using a microliter syringe.
Titanium tetrabutoxide reacts with residual traces of water to form
hydroxy titanate species with no catalytic activity. Consequently,
in an attempt to exclude moisture from the reactor, glassware was
routinely flamed and cooled under dry nitrogen before use. Upon
reassembly, the reactor was heated to 150°C using an oil bath.
Molten monomers were then mixed by a two paddle stirrer, designed
to ensure good mixing in both the vertical and horizontal directions.
The temperature of the polymerization vessel was increased to 240
°C at a rate of 10°C min-1 and maintained throughout the reaction.
Methanol, an unwanted side-product, was removed by sweeping
the polymerization vessel with a slow stream of dry nitrogen. This
helped to drive the equilibrium to high conversion and minimize
the effects of oxidative degradation. To synthesize both 10 mol %
and 1 mol % samples of varying molecular weights, the polymer-
ization was quenched at different reaction extents.

2.2. SEC and DSC.SEC characterization was performed on a
PL-GPC 220 system (Polymer Labs.) at 40°C in THF+ 10% acetic
acid (acetic acid was added to suppress the ionic exclusion effect24).
The column set consisted of two 7.5 mm diameter× 300 mm long,
5 µm particle diameter mixed-C Polystyrene-Divinyl Benzene gel
columns (pore sizes of 102, 103, and 105Å). The injection volume
was 200µL and flow rate was 1.0 mL/min with sample concentra-
tions around 2 mg/mL. A differential refractive index (DRI)
detector, a viscometer (Viscotek model 220R) and a PD2040 two
angle laser light scattering (TALLS) detector (Precision detectors
Inc.) were used in conjunction with SEC. The specific refractive
index increment dn/dc in THF + 10% acetic acid was about 0.17
( 0.003 mL/g at 670 nm for the HBP samples. The analysis
technique assumed a random coil model and the molar mass for
each elution volume was calculated using the 15° LS signal. The
weight-average molecular weightsMw were calculated by integrat-
ing the 15° LS signal alone (corrected using the form factor for
the random coil model) as this represents the most accurate and
precise measure ofMw by SEC with light scattering detection.25,26

Thermal properties were measured using DSC on a Perkin-Elmer
Pyris 7. The polymer samples were annealed at 250°C and cooled
at a rate of 50°C min-1 to 30 °C. DSC measurements were made
over a temperature range of 30-250°C using a heating rate of 10
°C min-1. The value for the glass transition temperatureTg was
taken as the temperature at the midpoint of the observed∆Cp. All
the samples showed a single glass transition with no evidence of
melting or crystallization peaks, confirming that the samples are
amorphous.

TheMw andTg values for the 10 mol % and 1 mol % HBPs are
collected in Table 1. The HBP samples are identified by the mole

Figure 1. Monomers used for the synthesis of HBPs.
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percent content of AB2 monomers and their weight-average
molecular weight. Thus, H10-120 refers to a HBP sample containing
10 mol % of AB2 monomer with a weight-average molecular weight
of 120 × 103g/mol.

2.3. NMR. NMR spectra were recorded in 5 mm o.d. tubes
containing samples dissolved in CDCl3. Measurements were made
at ambient probe temperature using a Varian Inova-500. Quantitative
13C spectra were recorded at 125.67 MHz using a 45° pulse, 1.4 s
acquisition, and 8.6 s recycle delay with inverse-gated proton
decoupling. Quantitation was checked by repeating the measurement
for one sample with the recycle delay increased to 30 s.

As a starting point for assignment of the peaks, we looked at
the spectra obtained from samples prepared by homopolymerization
of T monomers27 and by copolymerization of a nominally 50:50
mixture of P and M (see section 2.5). Using this information, and
assuming approximately random polymerization, it was possible
to assign all of the peaks in the spectra of the terpolymers to specific
carbons in the monomer units. In particular, the region of the spectra
corresponding to oxygen-bonded carbons in an aryl ring (157-
164 ppm) contained signals which could easily be assigned to each
of the three monomers. This allowed us to measure the mole% of
each of the three monomers in the terpolymer samples. The
monomer compositions for both H10 and H1 determined in this
way are reported in Table 2. However in most regions, detailed
analysis of the polymer microstructure was limited by spectral
overlap.

It was found that the region of the spectra corresponding to the
methylene signal from the-CH2-O-Ar moieties gave the best
distribution of signals for all the possible species present, so detailed
analysis concentrated on this area. Partial spectral overlap and the
fact that line shapes were affected by chemical shift distributions
meant that deconvolution assuming Lorentzian line shapes did not
give reliable results, so analysis was based on simple integration
of the peaks involved. As an example of the results obtained, the
relevant region of the spectrum of H10-65 is shown in Figure 2
with the peaks assigned in terms of the monomer unit containing
the relevant methylene group (first letter) and the monomer unit to
which that methylene group is attached via an ester linkage (second
letter). The observed intensities of the lines in this region (as a
percentage of the total intensity of all the peaks) for different
samples in the H10 series are reported in Table 3. Analogous
information for the H1 series was unfortunately not available
because the NMR signals pertaining to the T monomers were too
low.

2.4. Rheology.Small amplitude oscillatory shear experiments
were carried out in the linear viscoelastic regime on a Rheometrics
ARES controlled strain rheometer. For all our measurements we
used a 10 mm diameter stainless steel parallel plate geometry.
Frequency sweeps from 0.1 to 100 rad/s were performed at different
temperatures above the glass transition temperature under a dry
nitrogen atmosphere. Strain amplitudes varied from about 20% for
the highest temperatures down to 0.02% for the lowest temperatures
close to the glass transition temperature. To expand the range of
achievable frequencies, time-temperature superposition (TTS) was
employed to collapse the data at different temperatures onto master
curves. Specifically the horizontal shift factoraT and the vertical
shift factorbT were found by performing a 2D TTS of the data at
different temperatures andbT was found to be of order unity in all
cases (0.9f 1.1). To accommodate variations in sample compliance
with temperature, measurements were performed at different gap
settings (0.5f 2.0 mm). We used higher gaps close toTg since
higher gaps reduce compliance issues. We observed that instru-
mental compliance is a problem only at the highest frequencies
(close to the high-frequency crossover in the glassy regime). For
lower frequencies in the glassy regime, different gap settings gave
the same values of modulus. Since the primary focus of the paper
is in the low and intermediate frequency rheology, the compliance
problems encountered in the high-frequency glassy regime were
not of serious concern.

2.5. Entanglement Spacing from Linear Samples.To obtain
an independent measure of the entanglement weightMe for the
chemistry used in this study, we also synthesized a linear polymer
consisting of a nominally 50:50 ratio of M and P AB monomers
using the same procedure outlined in section 2.1. SEC confirmed
that the MWD of the linear polymer followed the most probable
distribution with Mw ) 16 900 g/mol andMw/Mn ≈ 2. The
entanglement length for this chemistry turns out to be rather short
so that we were able to obtain a reasonable estimate of the
entanglement length from our linear sample. The dynamic moduli
of the linear sample was then measured and fitted to a theory that
includes the single chain relaxation functionµ(t) of Likhtman and
McLeish,28 the double reptation rule29 with 2.2 power to account
for constraint release of the matrix (i.e., tube), and fast and
longitudinal Rouse modes as given in eq 19 of ref 28 (we are very
grateful to Alexei Likhtman for performing the fitting for us). This
procedure produced an entanglement molecular weight ofMe )
2400 g/mol (in this paper, we use the “G” definition for the

Table 1. Properties of Polymers Studied in This Paper

sample Mw (g/mol) Tg (°C)

H10-20 20 300 51.5
H10-32 31 900 52.4
H10-65 64 500 55.0
H10-120 119 900 54.0
H10-256 256 100 55.0
H1-18 18 300 56.2
H1-43 42 600 57.4
H1-63 62 900 59.9
H1-76 75 600 59.6

Table 2. Monomer Composition from Ar-O Region of Spectrum for
H1 and H10 Series

sample mol % P mol % M mol % T

H10-20 37.5 49.5 13.0
H10-32 41.0 46.8 12.3
H10-65 38.8 48.0 13.2
H10-120 41.4 44.3 14.3
H10-256 37.9 45.2 17.0
H1-18 49.8 49.1 1.1
H1-42 49.4 49.5 1.1
H1-63 49.2 49.3 1.5
H1-76 49.7 48.8 1.5

Figure 2. Peak assignment in the alkoxy region for sample H10-65.

Table 3. Observed Peak Intensities (as a Percentage of Total
Intensity for All the Peaks) in the Alkoxy Region

sample TT TM TP MT PT+ MM MP PM PP

H10-20 3.1 5.0 2.7 11.0 29.2 17.8 16.5 14.8
H10-32 3.5 5.4 3.7 12.4 28.1 17.4 15.9 13.7
H10-65 3.5 5.7 3.3 13.1 30.9 16.5 15.7 11.4
H10-120 3.2 5.8 3.8 11.9 27.8 16.1 16.6 14.7
H10-260 6.4 7.2 5.0 14.6 27.8 14.1 13.0 11.9
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entanglement weight,30 see Appendix A). Using a monomer weight
of m0 ) 164 g/mol, this corresponds to an entanglement degree of
polymerization ofNe ≈ 15 which is in excellent agreement with
the valueNe ) 15.5 obtained later from fitting the H1 rheology
data using the tube model (see section 4.5).

3. Theory

3.1. Molecular Weight Distribution. When modeling the
rheology of the H10 samples, we require as an input the
molecular weight distribution (MWD) of the samples. To
parametrize the MWD for H10, we assume that the number
density distributionn(M) (defined as the number of molecules
with molecular weightM per monomer) obeys the scaling
form14,17,25

whereτ is the polydispersity exponent. Equation 1 defines the
largest characteristic molecular weightMcharfor a given sample.
In a previous study on HBPs with similar chemistry but shorter
spacer lengths,25 we found thatτ was close to the mean field
value ofτ ) 1.5. Since we expect nonmean field fluctuations
to decrease with increasing spacer length,14 we assumeτ ) 1.5
for both the H10 and H1 series. Forτ < 2, Mchar is proportional
to Mw in the limit Mchar . Mx.17 However as we shall see in
section 4.1, this proportionality is not strictly obeyed for the
H10 series, probably because not all the samples in the series
have a high enough molecular weight to reach the asymptotic
limit.

3.2. Reaction Kinetics Model for Polycondensation Reac-
tion. As mentioned in the previous section, nonmean field
fluctuations (e.g., intramolecular correlations between A and B
groups, loop formation etc.) decrease with increasing branch
length. We therefore expect mean field theory to be reasonable
for the H10 series and very good for the H1 series. This fact
allows us to use a mean field reaction kinetics model to predict
the statistical properties of the HBP molecules arising from the
polycondensation reaction.

In particular, for each of the samples in the H10 series, NMR
results are available indicating the mole fraction of monomers
P, M, and T and the relative concentration of reacted bonds of
type AIBJ with I, J ) P, M, or T, where P, M, and T refer to
para AB monomers, meta AB monomers, and AB2 monomers
respectively (see Tables 2 and 3; note that AIBJ is equivalent
to IJ in the notation of Table 3 and Figure 2). A simple reaction
kinetics model is able to make predictions for these bond
concentrations. We illustrate this by considering the particular
case where all A groups are assumed to behave identically, but
the B groups on different monomers react at different rates. We
further assume that the two B groups on a T monomer react
independently so that the reaction rate of each B group is
unaffected by the reaction of the other B group. This assumption
is justified by NMR measurements of the degree of branching
(DB) of HBP samples formed purely by AB2 monomers similar
to the T monomers.31,32 A value of DB ) 0.5 is found, which
implies that the reaction rates of the two B groups on the T
monomer are independent.33

For the above assumptions, the state of the reaction ensemble
is determined by the following parameters: the number fractions
fM, fP, and fT of monomers present in the initial mixture; two
ratios of reaction rate constants for the different B groups (kM/
kP and kT/kP), which to a first approximation should be held
constant for a given chemistry, and one independent reaction
probability (for example, the probability that a B unit on a P

monomer has reacted). SincefM, fP, andfT can be measured for
each sample, and we can fix the reaction probability variable
from the sample average molecular weight, one can use the
relative concentrations of reacted bonds of type AIBJ for the
different samples to deduce the reaction rate constants. Details
of this calculation are given in section 4.2. Alternative assump-
tions for the reactivity of the functional groups are also
considered in section 4.2 (further details for both cases can be
found in the Supporting Information).

Read and McLeish11 have recently demonstrated that under
mean field conditions, branched polymers in the HBP class can
be directly mapped onto the distribution of branched molecules
in metallocene-catalyzed polyolefins under certain reactor
conditions (i.e., steady-state continuous stirred tank reactor,
CSTR). Consequently, similar to the metallocene class, the
topology of branched polymers in the mean field HBP class
can be characterized by just two independent parameters:7,11

an “upstream” branching probability,bU (the probability that a
polymer strand chosen at random has a branchpoint in the
“upstream” direction) and the (number) average branch degree
of polymerization,Px. In the context of mean field HBPs (i.e.,
no intramolecular loops so that each molecule has one and only
one unreacted A group), the upstream and downstream directions
correspond respectively to moving away from and toward the
unreacted A along the molecule. Details of howbU andPx for
H10 and H1 are calculated from the rate constants are given in
section 4.3 (also see Supporting Information for further details).

3.3. Rheology.As we shall confirm later, the entanglement
transition in HBPs is controlled by the branch lengthNx and
the transition occurs aroundNx ≈ Ne, where Ne is the
entanglement length. (Note that in this paper, we use the symbols
N andP to denote degree of polymerization andM to denote
molecular weight.) For the moment, we shall take this result as
given and delay the discussion of this rather subtle point to
section 5.

In practice of course, the branch lengths in our samples are
not monodisperse but exponentially distributed according to the
most probable distribution. Specifically the average branch
length calculated from the reaction kinetics modelPx is the
number-average branch length of the ensemble. To make our
rheological models tractable, we make a monodisperse branch
length approximation and assume that the effective branch length
Nx is the weight-average branch length, i.e.,Nx ) 2Px. For
unentangled HBPs, this approximation is adequate within the
dynamic scaling model. For entangled HBPs, this approximation
is much more delicate. In the case of star polymers, the mutual
retraction of star arms turns out to strongly self-average out the
effect of polydispersity so that the rheology is primarily
controlled byMw of the star arms.34 On the other hand, for
H-polymers, the presence of slowly relaxing cross-bar material
amplifies the inherent polydispersity of the arm relaxation times
so that the rheology of H-polymers becomes extremely sensitive
to any polydispersity in the arm material.35 On the basis of the
latter, we might expect branch length polydispersity to play an
important role in our system because of the presence of high
seniority spacers. We point out that a recent algorithm developed
by Das et al.36 can explicitly account for branch length
polydispersity in an HBP ensemble without the need for any
preaveraging. However this level of modeling lies beyond the
scope of the current study.

3.3.1. Unentangled Regime.For the H10 series we haveNx

< Ne. We therefore assume that the HBP chains are unentangled
and model the rheology using the dynamic scaling model of
Rubinstein et al.37 For an HBP ensemble with MWD given by

n(M) ∼ M-τexp(-M/Mchar) (1)
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eq 1, we showed previously that the complex shear modulus is
given by17

wheredR is the dimension of the relaxation rate spectrum,Gx

is the unrelaxed shear modulus of the HBP melt,a ) Nx/Nchar

(Nchar is the largest characteristic degree of polymerization of
the ensemble),εx is the high relaxation rate cutoff associated
with spacer relaxation andΓ(b, z) ) ∫z

∞ tb-1e-t dt is the
incompleteΓ function. The characteristic slowest relaxation rate
in the model (associated with the slowest relaxation mode of
characteristic chains) is given byεchar ) εx(Nx/Nchar)2/dR. Since
the spectrum of relaxation modes is cutoff atε ) εx in our
model,Gx ) ckT/Nx wherec is the number density of monomers,
k is the Boltzmann constant andT is the absolute temperature.

For HBP melts with branch lengthNx, we showed previ-
ously14 that chains are strongly overlapped with fractal dimen-
sion df ) 4 on mass scalesN < Nc and are marginally
overlapped (i.e., in a quasi-c* state) with fractal dimensiondf

) 3 on mass scalesN > Nc, whereNc is a crossover mass that
scales asNc = Nx

3. SinceNx ) 2Px ≈ 10 for the H10 series
(see Table 6),Nc ≈ 1000 so that for all the samples in the H10
series, the polymer chains are strongly overlapped over most
relevant mass scales (i.e.,df ) 4). Cates38 has shown that for
randomly branched chains which are strongly overlapped,
hydrodynamic interactions are fully screened. Since we assume
that chains in the H10 series are unentangled, the relevant
dynamics governing chain relaxations is Rouse dynamics where
the dimension of the relaxation rate spectrum is given by37

Thus, when fitting rheology data for the H10 series using eq 2,
we have two fitting parameters, namelyGx andεx.

As explained in our previous study,17 in the limit Nchar . Nx

(i.e., a , 1), eq 2 has the limiting behaviorG* (ω)∼(iω)dR/2

within the frequency rangeεchar , ω , εx, whereεchar is the
characteristic slowest relaxation rate in the model. From this
result, it immediately follows that tanδ ≡ G′′/G′ ) tan πdR/4
in the frequency rangeεchar , ω , εx, whereδ is the phase
angle measured by rheology. These results are in contrast to
polymer gels (τ > 2)37 where the corresponding results in the
scaling regime areG*(ω) ∼ (iω)dR(τ-1)/2 and tanδ ≡ G′′/G′ )
tan πdR(τ - 1)/4, respectively. In principle therefore, we can
determine the dimension of the relaxation rate spectrumdR by
measuring the slope of the dynamic moduli or the value of tan
δ in the scaling regime.

However as we shall see in section 4.4, the values ofNchar

required to obtain pure power law behavior at intermediate
frequencies turn out to be extremely large so that for HBPs,
this dynamic scaling regime is unattainable in practice. The
actual value ofdR can therefore only be inferred indirectly by
fitting to the dynamic moduli data over the entire frequency
range. The situation here is again in contrast to polymer gels
where because of the existence of a gel point, arbitrarily large
values ofNchar can be obtained (by going arbitrarily close to
the gel point), so that a pure scaling regime is achievable. One
can therefore measuredR (or more strictlydR(τ - 1)/2) directly
for polymer gel systems.5,37,39,40

3.2.2. Entangled Regime.For the H1 series we haveNx >
Ne. We therefore assume that the HBP chains are entangled and
model the rheology using the tube model. This is a formidable
task given that the HBP ensemble is a complex mixture of linear
and branched molecules of varying degrees of branching.

To aid us in this task, we first recognize that the linear
rheology of any branched ensemble is determined by the
“seniority” distribution of its spacers11,41 (we define a spacer
as a chain portion between branch points). The senioritym of
a spacer is defined as the number of spacers (including the
spacer in question) connecting it to the retracting chain end
responsible for its relaxation. As such,m characterizes the
“depth” of the spacer from the topological exterior of the
molecule to which it belongs. The full seniority distribution for
branched polymers in the mean field HBP class has been
calculated by Read and McLeish.11 However for the H1 series,
we shall only require the concentration ofm ) 1 spacers. This
is because for this series, the relatively low values ofbU andNx

mean that by the time them ) 1 spacers have relaxed, the
“dynamically diluted” tube diameter is larger than the spacer
length so that one expects the entire sample to become
disentangled. (In fact, as we shall see in section 4.5, in a more
refined tube model, one should include branch length renor-
malization under dynamic dilution which would delay dis-
entanglement.)

Milner and McLeish42 have shown that for star-linear blends,
the reptation of linear species leads to constraint-release Rouse
motion of the tubes constraining the star arms which is not
described by dynamic dilution. Since we have a significant
fraction of linear species in the H1 series, for senioritym ) 1
spacers, we explicitly distinguish between linear spacers and
terminal spacers (for metallocene systems, a similar calculation
has been performed by Costeaux and Wood-Adams).43 Specif-
ically a spacer is linear when it is unbranched inboth the
upstream and downstream direction. The volume fraction of
linears is therefore given by

wherebD ) 2bU is the downstream branching probability.11 (The
result bD ) 2bU can be readily understood as follows. In the
absence of loops, the total number of strands which hit a branch
point downstream is twice the number of strands which hit a
branch point upstream, since each (trifunctional) branch point
has two strands hitting it in the down stream direction but only
one strand hitting it in the upstream direction. This immediately
yields bU ) 2bD.) On the other hand, a spacer is terminal if it
is unbranched in the upstream direction and it is branched in
the downstream direction,or it is branched in the upstream
direction and it is unbranched in the downstream direction. The
volume fraction of terminal spacers is therefore given by

Finally we refer to all remaining spacers (which have seniority
2 or higher) as internal spacers and these have volume fraction

Having distinguished between the different spacers in the
ensemble, we then developed a tube model that incorporates
chain relaxation mechanisms such as reptation (for the linear
species) and arm retraction as well as tube relaxation mecha-
nisms such as dynamic dilution and constraint-release Rouse
motion. Details of the tube model are given in appendixA and

φl ) (1 - bU)(1 - bD) (4)

φt ) bU(1 - bD) + bD(1 - bU) (5)

φi ) 1 - φl - φt ) bUbD (6)

G* (ω) )
dR

2

Gx

Γ(2 - τ, a)
∫0

εx ( ε

εx
)(dR/2)-1

Γ[2 - τ, a( ε

εx
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dε
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2
)
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the final result for the dynamic moduli is given by eq 35. This
equation contains three fitting parameters, namelyGe, Ne, and
τe, which are the entanglement modulus, spacing, and Rouse
time, respectively.

4. Results and Discussion

4.1. Size Exclusion Chromatography.The number density
for H10 was determined from the DRI and the 15° LS signal
of the triple detector using25,44

whereM0 is the (mole averaged) molecular weight of the AB
and AB2 monomers,c is the area under the DRI chromatogram,
Mi andci/c are respectively the weight-average molecular weight
and weight fraction of polymer in theith elution volume. The
derivative dVi/d(log(Mi)) was obtained by performing a cubic
fit to the log(M) vs V plot for a particular column calibration
by superposing several runs for different samples.

For HBPs,Mchar is proportional toMw in the limit Mchar .
Mx.17,25 If this proportionality applies, it should be possible to
construct a universal curve for the number density by plotting
Mw

2n(M) vs M/Mw.25,45 In Figure 3, we construct such a
universal plot for the H10 series. Fitting the universal curve to
the functional formAM-τexp(-BM/Mw) (assumingτ ) 1.5 and
usingA, B as fitting parameters), the best fit to the data (solid
line) is obtained forMchar/Mw ≈ 1.7, where in this contextMchar/
Mw ) B-1. However we note that the collapse of the data is
relatively poor, with systematic deviations appearing at high
molecular weights. The assumed functional form also under-
predicts the universal curve at the high molecular weight end.

Since we require an accurate parametrization of the MWD
to model the H10 rheology (see section 3.3.1), we decided to
fit the MWDs for each individual sample separately using eq 1
(again assumingτ ) 1.5). The resultant fits are shown in Figure
4 and the fitted values ofMchar for each sample are reported in
Table 4. From Figure 4, we see that this procedure produces
much better fits to the H10 MWD data (though there are still
small deviations for H10-256). From Table 4, we see that the
ratioMchar/Mw is not constant across the H10 series but increases
systematically by about 50% with increasing molecular weight.
This explains why the collapse of the number density data with
Mw in Figure 3 was relatively poor.

As we have explained at the beginning of this section,Mchar/
Mw is only constant in the asymptotic limitMchar . Mx. For
HBPs with trifunctional branch points, the actual value for this
ratio is predicted by mean field theory to beMchar/Mw ) 1/(1
- 2bU

2) (see eqs 6.21, 6.30, and 6.31 in ref 44, usingf ) 3 and
recognizing thatbU plays the role ofp in these equations). Thus,
Mchar/Mw is not constant except when we are very close to the
mean field gel point ofbU ) 0.5. For thebU values for H10
quoted in Table 6, we obtain an increase inMchar/Mw of about
20% going from the lowest to the highest molecular weight
samples. This variation is lower than but of the same order of
magnitude as the 50% variation seen in Table 4. Mean field
theory also predicts that the maximum value ofMchar/Mw is
Mchar/Mw ) 2 (for bU ) 0.5). However for the two highest
molecular weight samples in Table 4, we find Mchar/Mw > 2.
We speculate that this may be due to residual fluctuation effects
in the H10 series, which we expect to be strongest for the highest
molecular weight samples.

Interestingly, in a previous study of HBP samples with similar
chemistry but shorter spacer lengths,25,46 we also encountered
problems when constructing universal curves for the number
density usingMw. Specifically we found that for the highest
molecular weight sample studied (Mw ≈ 250K g/mol), there
was poor collapse of the number density onto the universal
curve. In that study, we attributed the poor collapse to the fact
that the largest molecules in the high molecular weight sample
had exceeded the exclusion limit of the SEC columns (this
would result in a poor resolution of the high molecular weight
tail and consequently an inaccurate determination of the number
density). However in the light of our discussion in the previous
paragraph, an alternative explanation may be thatMchar/Mw was
not in fact constant across the series because the samples in the
series were also not close enough to the mean field gel point to
achieve the asymptotic limit of constant Mchar/Mw.

4.2. Determination of Rate Constants from Reaction
Kinetics Model. In this section, we determine the rate constants
for the different functional groups in the system by fitting the

Figure 3. Universal plot for the number density of the H10 series.
Symbols represent experimental data. The solid line is the best fit to
the data using the functional formAM-τ exp(-BM/Mw) (assumingτ
) 1.5). The dashed line represents a slope of 1.5 as guide to the eye.

n(Mi) ) -
M0

2.303Mi
2

ci

c

dVi

d(logMi)
(7)

Figure 4. Fits to MWDs for each individual sample in the H10 series
using eq 1 (assumingτ ) 1.5). For the sake of clarity, vertical shifts
of 10, 102, 103, and 104 have been applied to the curves for H10-32,
H10-65, H10-120, and H10-256, respectively.

Table 4. Fitted values ofMchar for the H10 series obtained from the
fitting in Figure 4

sample Mw Mchar Mchar/Mw

H10-20 20300 33100 1.63
H10-32 31900 52700 1.65
H10-65 64500 123900 1.92
H10-120 119900 264200 2.2
H10-256 256100 650000 2.54
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relative concentrations of reacted bonds of type AIBJ (I, J ) P,
M, or T) in the H10 series (as measured by NMR) using the
reaction kinetics model (where AIBJ is equivalent to IJ in the
notation of Table 3 and Figure 2).

We first assumed that all A groups behave identically, but
that B groups on different monomers react at different rateskP,
kM, andkT, which we attempt to determine (further details of
this model are given in Supporting Information). In principle,
the relative concentrations of reacted bonds of type AIBJ for
the different samples contain information that could be used to
deduce the reaction rate constants. For an individual sample,
with knownfM, fP, andfT, one might envisage varying the ratios
kM/kP and, while using the reaction probability to match the
sample molecular weight, to “best fit” the AIBJ concentrations.
Unfortunately, there is significant scatter from sample to sample
in the AIBJ concentration data, so that it is difficult to be
confident of ratioskM/kP and kT/kP obtained from fitting
individual sample data.

An alternative strategy is suggested by the observation that,
at fixed kM/kP andkT/kP, the AIBJ concentrations predicted by
the reaction kinetics model are practically independent of the
sample molecular weight across the range of molecular weights
covered by the samples. On this basis, it is reasonable to take
an average of the AIBJ concentrations across the samples (even
though they have different molecular weights), and to compare
these averaged concentrations with the reaction kinetics model.
The intention here is to check whether, taken as a whole, the
AIBJ concentrations across the H10 samples suggest any trends
in the ratioskM/kP andkT/kP.

Table 5 shows the average AIBJ concentrations, with the
errors given byσ/x5, whereσ is the standard deviation of the
data for a given reaction bond type across all the samples. The
table also shows predictions of the reaction kinetics model for
different values of the ratioskM/kP and kT/kP. These are
calculated at monomer fractionsfM ) 0.462,fP ) 0.403, andfT
) 0.135, which are values obtained by averaging NMR results
over all the samples. From the table, it can be seen that, in fact,
the assumption of equal reaction rates (kM/kP and kT/kP ) 1)
does a reasonable job of describing the data. Some improve-
ments are obtained by increasing the relative rate of reaction of
the B groups on the trivalent T monomer (kT/kP ) 3) and by
slightly decreasing the relative reactivity of the B groups on
the M monomer (kM/kP ) 0.8), though the improvements are
largely within the range of experimental noise. Note that, with
these changes, practically all the B groups on the trivalent T
monomer react, so that further increases inkT/kP have little effect
(predictions with, for example,kT/kP ) 10 are indistinguishable).
On the other hand, decreasingkT/kP has a much more significant
effect on the data, specifically worsening the agreement between
theory and experiment. This is illustrated in Table 5 forkM/kP

) 1, kT/kP ) 0.5 where we see that there are now significant
deviations between the reaction kinetics model and the NMR

data (especially for TT, MT, PM, and PP). Therefore, while
our analysis of the NMR data does not allow us to determine
the reactive constants very accurately, it does show fairly
conclusively that the B-groups on the T monomer are more
reactive than those on the P and M monomers.

Using a similar approach, we also investigated the assumption
that the A groups on the three monomers possess different
reactivities, while keeping the B group reactivities identical (see
Supporting Information for further details). Using this alternative
assumption, it was possible to obtain slight improvement in the
description of the AIBJ concentration as compared to the limit
of equal reactivities, although the improvement was not so
marked as in the above case of different B group reactivities.

In summary, the NMR data on the H10 series are suggestive
of some relatively small variations in group reactivity from
monomer to monomer. In particular, they suggest that the B
groups on the T monomer are more reactive than those on the
P and M monomers.

4.3. bU and Px from the Reaction Kinetics Modeling. In
this section, we determine the upstream branching probability
bU and average branch lengthPx from the rate constants
determined in the previous section (further details of the
calculation are given in Supporting Information). Table 6 shows
values of bU and Px calculated for the highest and lowest
molecular weight samples from the H10 series, using bothkM/
kP ) 1, kT/kP ) 1 andkM/kP ) 0.8,kT/kP ) 3. Note that for the
H10 series, the variation in rate constants of the different
functional groups has a significant effect on the predicted branch
lengthPx. However in the unentangled regime, the rheology is
only weakly dependent on the branch length so that this level
of uncertainty inPx is not a cause for concern for the rheological
modeling. More importantly, both sets of monomer reactivities
predict that the effective branch length of all the samples in the
H10 series fall below the entanglement spacing, i.e.,Nx ) 2Px

≈ 10 while Ne ≈ 15 (see section 4.5).
Table 6 also shows values ofbU and Px calculated for the

samples from the H1 series, using bothkM/kP ) 1, kT/kP ) 1
andkM/kP ) 0.8,kT/kP ) 3. Here the effective branch lengthNx

) 2Px is above the entanglement degree of polymerization in
all cases. Note that for the H1 series, the variation in the rate
constants of the different functional groups has only a mild effect
on bothbU andPx. This is largely because, even withkM/kP )
1, kT/kP ) 1, most of the B units on the trifunctional monomers
have reacted, so that the vast majority of these monomers give
rise to a branch point. An increase in their reactivity (kT/kP )
3) has only a mild effect on the predicted parametersbU andPx

(whereas a decrease tokT/kP < 1 has a stronger effect). For this
reason, it is important to note that the NMR data on the H10
series are most consistent withkT/kP > 1. Using a similar
approach, we also investigated the assumption that the A groups
on the three monomers possess different reactivities, while
keeping the B group reactivities identical (see Supporting
Information). With this alternative assumption, it remains the
case that predictions forbU andPx for the H1 series appear to
be insensitive toward variations in reactivity of the A units
within the range consistent with the H10 NMR data.

Table 5. Comparison of Average AIBJ Concentrations Determined
from NMR with Predictions of the Reaction Kinetics Model for

Different Values of the RatioskM/kP and kT/kP

NMR
kM/kP ) 1,
kT/kP ) 1

kM/kP ) 0.8,
kT/kP ) 3

kM/kP ) 1,
kT/kP ) 0.5

TT 3.7( 0.6 3.2 3.7 2.7
TM 5.7 ( 0.3 5.5 5.0 5.8
TP 4.0( 0.3 4.8 4.8 5.1
MT 12.4( 0.5 11.0 12.7 9.0
PT + MM 28.5 ( 0.5 28.4 28.3 27.7
MP 16.7( 0.6 16.4 16.3 17.3
PM 15.4( 0.6 16.4 15.0 17.3
PP 13.6( 0.6 14.3 14.2 15.1

Table 6. Output of reaction kinetics model for H10 and H1 series

kM/kP ) 1, kT/kP ) 1 kM/kP ) 0.8,kT/kP ) 3

H10-20 bU ) 0.397,Px ) 4.3 bU ) 0.412,Px ) 3.2
H10-256 bU ) 0.473,Px ) 3.9 bU ) 0.477,Px ) 2.9
H1-18 bU ) 0.225,Px ) 22.0 bU ) 0.232,Px ) 21.2
H1-43 bU ) 0.304,Px ) 29.0 bU ) 0.308,Px ) 28.0
H1-63 bU ) 0.356,Px ) 25.0 bU ) 0.359,Px ) 24.0
H1-76 bU ) 0.367,Px ) 25.8 bU ) 0.371,Px ) 24.7
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In summary, for the H1 series, the values forbU and Px

reported in Table 6 are robust with respect to reasonable
variations in microscopic details of the reaction kinetics model.
We therefore expect the uncertainties in the parametersbU and
Px for the H1 to be small, for example as compared to
uncertainties in the entanglement molecular weight for this
polymer chemistry.

4.4. Rheology of H10.Figure 5 shows the rheology results
for the H10 series (data files for the rheology can be obtained
from Supporting Information). For each sample, we used a
reference temperature ofTg + 21 ( 2 °C and this superposed
the high-frequency region for the mastercurves of all the
samples. The high-frequency regime corresponds to the glassy
regime as evidenced by the breakdown of time-temperature
superposition (see Figure 6). The superposition of all the
mastercurves at high frequency indicates that we have effectively
normalized the monomeric friction coefficient for all the samples
to a common value. The features of the rheology data are similar
to those of unentangled HBP samples that we have studied
previously.17,25,47In particular, we note that for all our samples,

there is no crossover inG′ and G′′ at low frequencies. This
indicates that the HBP chains are unentangled, independent of
molecular weight, a fact that is confirmed by the detailed
theoretical modeling in the rest of this section.

In Figure 5, we show fits to theG′, G′′ data for all the samples
using eqs 2 and 3. For all the samples, we usedτ ) 1.5 and
Mchar reported in Table 4. To obtain the fits, we first fitted the
dynamic moduli of the highest molecular weight sample H10-
256 usingεx and Gx as our fitting parameters. The best fit
parameters were found to beGx ) 5 × 105 Pa andεx ) 1.4
rad/s. The same fitting parameters were then used to predict
the dynamic moduli for all the other samples. We note that the
fitted value forGx has the correct order of magnitude compared
to the value predicted by rubber elasticity theory, i.e.,FRT/Mx

) 1.4 × 106 Pa (usingF ) 1 g/cm3 andMx ) 2PxM0 ) 1700
g/mol, wherePx ) 5 is the number-average spacer length,M0

) 170 g/mol is the mole averaged monomer weight). For the
two samples with the highest molecular weight, H10-256 and
H10-120, there is excellent agreement between theory and
experiment over about four decades in frequency. The excellent
agreement between the Rouse model and the experimental data
confirms our earlier observation that these materials are un-
entangled.

The response at high frequencies is not predicted well by
our dynamic scaling model (for all samples in the H10 series)
because we have neglected relaxation modes withε > εx in our
model. Fits to the high frequency regime can be improved by
explicitly including these glassy modes.48,49From Figure 5 we
also see that for all samples in the H10 series, there appears to
be a small but systematic upward curvature inG′ at the lowest
frequencies. For H10-256 and H10-120, where the dynamic
scaling model is most accurate, we see that this upward
curvature inG′ is not captured by the dynamic scaling model.
The maximum phase angles in this low-frequency regime range
from 85 to 89° depending on the sample. Although high, these
values ofδ lie within the range where the phase angle resolution
of the rheometer is not a problem. We therefore believe that
these low-frequency features are real and indicate the presence
of slow modes not captured by the dynamic scaling model.
Similar slow modes have been observed in hyperstar
polymers50-52 and other HBP system53 and have been attributed
to structural rearrangements of whole molecules. However given
the limited frequency range of these features in our samples,
we have not analyzed these slow modes in any further detail.

As discussed in section 3.3.1, in the limitNchar . Nx, the
dynamic moduli should in principle shows pure power law
behavior at intermediate frequencies (εchar , ω , εx) which
would allow us to determine the dimension of the relaxation
rate spectrumdR directly. However the value ofNchar required
to access this scaling regime turns out to be so high that it is
unattainable in practice for HBPs. This can be seen in Figure 6
where we plot tanδ for H10-256 (Nchar/Nx ) a-1 ) 380) and
the dynamic scaling predictions forεx ) 1.4 rad/s andNchar/Nx

) a-1 ) 380, 105, and 107 (solid lines), assuming eq 3 anddf

) 4. We also show the limiting value of tanδ in the scaling
regime, i.e., tanδ ) tanπdR/4 ) 1.73 (dashed line). From Figure
6, we see that even for our highest molecular weight sample
Nchar/Nx ) a-1 ) 380, a pure scaling regime does not exist.
Indeed we need to go toNchar/Nx ) 107 before we see the
emergence of a pure scaling regime. These ultrahigh values of
Nchar are clearly not achievable for HBPs.

The difficulty seems to stem from the extremely long-range
effect (in frequency space) exerted by both the high and low-
frequency cutoffs. For example forNchar/Nx ) 107 in Figure 6,

Figure 5. Fits to the rheology of the H10 series using the dynamic
scaling model (i.e., eqs 2 and 3). Symbols represent experimental data
and solid lines the best fits. The data for H10-32, H10-65, H10-120,
and H10-256 have been shifted vertically by factors of 103, 106, 109,
and 1012 respectively for clarity.

Figure 6. tanδ for H10-256 (Nchar/Nx ) a-1 ) 380) and the dynamic
scaling predictions forεx ) 1.4 rad/s andNchar/Nx ) a-1 ) 380, 105,
and 107 (solid lines). We also show the limiting value of tanδ in the
scaling regime, i.e., tanδ ) tan πdR/4 ) 1.73 (dashed line).
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εx ) 1.4 rad/s andεchar ) εx(Nx/Nchar)2/dR ) 4 × 10-11 rad/s.
However the scaling regime only exists in the narrow frequency
range 10-6 rad/sjω j 10-4 rad/s. This means that the effects
of the cutoff function persist for over four decades in frequency
below the upper cutoff frequency and above the lower cutoff
frequency. For this reason, we need to haveεx/εchar > 109, i.e.,
Nchar/Nx > 106 before we can see a scaling regime. Clearly the
separation between the high and low cutoff frequencies are too
small for all the samples in the H10 series for this to happen
(εx/εchar ) 3 and 7500, respectively, for H10-20 and H10-256).
As a consequence of this, we can only infer the value ofdR

indirectly by fitting to the dynamic moduli data over the entire
frequency range. Unfortunately, as pointed out in our previous
study,17 the dynamic moduli are rather insensitive to reasonable
variations indR. Therefore, although our assumed value ofdR

produces excellent fits to the H10-256 data in Figure 6, the data
do not in fact allow us to determinedR accurately.

Returning to Figure 5, we see that for high molecular weight
HBPs, there is good agreement between the dynamic scaling
model and the experimental data (except at the highest and
lowest frequencies for reasons already discussed above).
However as we go to lower molecular weights, an increasing
discrepancy between theory and experiment appears. This is
perhaps not surprising since we expect dynamic scaling to
breakdown at lower molecular weights because there is no
longer a wide enough power law regime in the relaxation rate
spectra (e.g., for H10-20,εx/εchar ) 3). Note that unlike in our
previous studies,17,25,47we have not allowedGx or εx to vary
across the different samples since the branch lengths are
essentially the same and in the current study, we have been
careful to normalize the monomeric friction coefficients across
the different samples. Notwithstanding this discrepancy, the
absence of a crossover in the experimentalG′, G′′ data clearly
indicates that these low molecular weight materials are also
unentangled.

An alternative approach to handling the discrepancy for the
low molecular weight materials is to assume that hydrodynamic
interactions may not be fully screened and the degree of
hydrodynamic screening may vary with molecular weight. This
introduces an additional fitting parameter into the dynamic
scaling theory (a hydrodynamic screening exponent49), which
may allow us to obtain better fits to the lower molecular weight
materials. However, in this case, it is not clear whether the better
fits would merely be due to the fact that we have an extra fitting
parameter or because there is truly a change in the degree of
hydrodynamic screening. As we have already discussed earlier
in this section, since we are far from a true scaling regime, our
experimental data do not allow us to distinguish between
reasonable variations indR and hence variations in the degree
of hydrodynamic screening. In any case, as we have already
mentioned earlier, it is questionable whether dynamic scaling
still applies for our lowest molecular weight samples. Extending
the dynamic scaling theory to include an additional hydrody-
namic screening parameter may not therefore be physically very
meaningful. We note that there have been a few attempts to
study the transition from Rouse to Zimm dynamics with
molecular weight for both linear systems54 and hyperbranched
systems,53 but the results have been inconclusive. Given that
our aim here is to explain the data using the most economical
model, we have opted to use the Rouse model to model the
rheology of the H10 materials.

In summary, the experimental data and theoretical modeling
above clearly show that HBP chains in the H10 series are
unentangled regardless of molecular weight. We note that this

finding is consistent with the study of Dorgan et al.53 on a series
of hyperbranched polystyrenes whereMx < Me (the highestMx

used in this study wasMx ≈ 10 000 g/mol compared toMe ≈
13 000 g/mol for PS2). These authors were able to prepare
polystyrene HBPs with weight-average molecular weights over
106 g/mol, and remarkably, no entanglements were observed
even at these extremely high molecular weights (though we note
that Mw/Me ≈ 100 for these samples so that our highest
molecular weight sample essentially has the same value ofMw/
Me). Our finding is also consistent with the study of Colby and
co-workers4-6 where they found that in the short branch length
regime (Nx < Ne), the dynamic properties of randomly branched
polymers in the percolation class are well described by the Rouse
model for unentangled chains.

4.5. Rheology of H1.Fig. 7 shows the rheology results for
the H1 series (data files for the rheology can be obtained from
Supporting Information). For each sample, we used a reference
temperature ofTg + 38.5( 4 °C, and this superposed the high
frequency (glassy) region for the mastercurves of all the samples.
This indicates that we have effectively normalized the mono-
meric friction coefficient for all the samples to a common value.
Unlike the H10 series, a rubbery plateau is evident at intermedi-
ate frequencies for the three highest molecular weight samples,
indicating the presence of entanglements. The presence of
entanglements is confirmed by the detailed theoretical modeling
in the rest of this section.

Note that entanglements also slow chain relaxations to the
extent that for the higher molecular weight samples, we do not
observe classical terminal scaling at frequencies below the
rubbery plateau. Instead, with increasing molecular weight,G′
and G′′ increasingly tend toward a power law form. In the
detailed modeling that follows, we show that the rubbery plateau
is primarily due to the relaxation of linear chains and terminal
spacers while the slow modes at low frequency appear to be
due to the relaxation of topologically deeper internal spacers.

To model the H1 rheology, we use the tube model described
in Appendix A. In Figure 7, we show fits to the rheology data

Figure 7. Fits to the rheology of the H1 series using eq 35. Symbols
represent experimental data and solid lines the best fits. The data for
H1-43, H1-63, and H1-76 have been shifted vertically by factors of
102, 104, and 106, respectively, for clarity.
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using eq 35 withNe, τe, andGe as our fitting parameters, which
are the entanglement length, Rouse time and modulus respec-
tively (see appendix A for the definition we use for these
quantities). The dynamic dilution exponent is set toR ) 4/3 as
suggested by Colby and Rubinstein.55 In principle, Ne and τe

can be determined from our rheological measurements of linear
chain melts of the same chemistry whileGe is related toNe via
eq 12. In practice, however, it is difficult to obtain precise values
for τe andNe from our rather low molecular weight, polydisperse
linear samples (see section 2.5). In addition, constrainingGe

and Ne to be related to each other via eq 12 often produces
poor fits to rheological data.28 We therefore useτe, Ne, andGe

as independent fitting parameters and then show that the values
obtained are consistent with values obtained from measurements
on linear chains and with eq 12.

We first fitted the dynamic moduli of the highest molecular
weight sample H1-76 at intermediate frequencies (whereG′ and
G′′ have the most distinctive features) and the best fit parameters
obtained wereGe ) 1.2× 106 Pa,τe ) 10-3 s, andNe ) 15.5.
Note thatGe and τe control the modulus and frequency scale
respectively, whileNe controls the shape of the dynamic moduli,
so the fitting parameters are fairly tightly constrained by the
experimental data. The fitted value forNe is in excellent
agreement with the valueNe ≈ 15 obtained from fitting to the
rheology of the linear samples. The fitted value ofGe is also in
excellent agreement with the value calculated from eq 12, i.e.,
Ge ) ckT/Ne ≈ 1.2 × 106 Pa, where the number density of
monomers is calculated fromc ) FNA/m0, where NA is
Avogadro’s number,F ) 1 g/cm3 is the approximate mass
density of the HBP,m0 ) 164 g/mol is the monomer weight,
andT ) 367 K is the reference temperature we use for H1-76.

The values forGe, τe, and Ne obtained from fitting H1-76
were then used to predict the dynamic moduli for all lower
molecular weight samples without further fitting. We see that
there is excellent agreement between theory and experiment in
the rubbery plateau region betweenτu

-1 < ω < τe
-1, whereτu

is the disentanglement time defined by eq 32. In particular, the
tube model predicts the narrowing and eventual disappearance
of the rubbery plateau with decreasing molecular weight
reasonably well. However for all the H1 samples, our tube model
predicts a premature transition to terminal scaling forG′ and
G′′. Evidently the disentanglement criterion embodied in eq 32
(i.e., HBP chains become unentangled when the dynamically
diluted entanglement length becomes greater than the undiluted
branch length) is too strong. In fact, the assumption is strictly
speaking incorrect because it neglects the fact thatbranch
lengthsare also renormalized under dynamic dilution.

What we mean is illustrated in Figure 8. At short times (t <
τu), a highly branched species has the undiluted branch length
Nx. However at long times (t > τu), the low seniority branches
relax and act effectively as frictional beads. This process
invariably leads to a longer effective spacer lengthNx(Φ) for
the “snipped” branch molecules. Thus, fort > τu, the snipped
molecules can still be entangled with each other so long asNx-

(Φ) grows fast enough to satisfy the conditionNx(Φ) > Ne(Φ).
It would appear that this process of branch length renormal-
ization is nonnegligible in our samples and is presumably what
gives rise to the slow relaxations observed in our experiments.
We note that branch length renormalization has been incorpo-
rated into an algorithm devised by Larson56 for calculating the
rheology of polydisperse melts containing linears, stars and
combs. This algorithm can be generalized to handle more highly
branched samples such as our HBP melts,36 but to do so lies
beyond the scope of this paper.

Notwithstanding the discrepancy at low frequencies, our tube
model quantitatively confirms that the HBP chains in the H1
series are entangled. Taking the results for H1 (Nx > Ne) and
H10 (Nx < Ne) together, we therefore conclude that for randomly
branched polymers in the HBP class, the entanglement transition
is controlled by the branch lengthNx and the transition occurs
aroundNx ≈ Ne. This is the same conclusion found by Colby
and co-workers4-6 for randomly branched polymers in the
percolation class. In the next section, we explain this result using
scaling theory.

5. Scaling Argument for the Entanglement Transition of
Randomly Branched Polymers

Recall that for randomly branched polymers, the entanglement
transition is controlled byNx and the transition occurs around
Nx ≈ Ne. ForNx > Ne, it is not surprising that branched polymers
are entangled, since chain portions are linear on the mass scale
of Ne and we therefore expect the entanglement behavior to be
essentially the same as linear polymers. ForNx < Ne, however,
while it is clear that entanglements do not occur at the level of
linear spacers, it is not at all clear why entanglements do not
occur between branched sections on larger mass scales. Indeed,
we14 have shown that randomly branched polymers in the HBP
and percolation class remain strongly overlapped up to the
crossover mass ofNc ) Nx

3 andNc ) Nx
5/3 respectively. Since

Ne can be rather large for some polymers, it is possible forNx

to be simultaneously small enough to satisfy the conditionNx

< Ne and large enough for branched sections to be strongly
overlapped to very high mass scales and hence potentially
entangled.

To analyze this problem theoretically, we need to first
consider the more general question of what constitutes an
entanglement in polymeric systems. Unfortunately there is
currently no microscopic model that answers this question
satisfactorily, though there are a number of competing scaling
theories (see refs 57 and 58 for excellent discussions of these
scaling theories). The two most widely used scaling models are
the double reptation model59-61 and the Colby-Rubinstein
model,55 and it is to these models that we shall appeal in the
following discussion.

5.1. Scaling Models for Entanglements.A central parameter
to all the scaling models above is the so-called packing length
lp ≡ V0/b2 whereV0 is the effective monomer volume andb is
the effective monomer length. The packing lengthlp is thus a
material specific parameter, and it defines the closest distance
of approach between polymer chains of a given chemistry.58 In
terms of the packing length, the concentration of binary contacts
for polymers chains of a given chemistry in aΘ solution with
volume fractionφ is given bycB ) φ2/lp3.58 This result follows
from two facts. First, in aΘ solvent, there are no strong
correlations between the different chains so that binary contacts
between chains are random and therefore proportional toφ2.
Second, forφ ) 1 (melt regime),cB ) 1/lp3 sincelp defines the
distance of closest approach between polymer chains.

Figure 8. Renormalization of the branch length of a highly branched
species under dynamic dilution.
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In the Colby-Rubinstein model, an entanglement occurs
when the number of binary contacts between different chains
within the volume swept out by one of the chains is equal to a
critical numbernc, which is presumed to be universal (i.e.,
independent of chemistry). Within the Colby-Rubinstein ansatz,
the entanglement degree of polymerizationNe for a Θ solution
of linear chains with volume fractionφ is therefore given by

whereR(N) is the distance spanned by a chain of lengthN.
SinceR(N) ∼ N1/2, it follows that Ne

3/2φ2 ) const, i.e.,Ne ∼
φ-4/3. Equation 8 also defines the tube diametera via a ) R(Ne).

In the double reptation model, an entanglement occurs when
the number of binary contacts between a given chain and other
chains is equal to a critical numbern′c (n′c is again presumed
to be universal). Now the volume fraction of monomers
belonging to a given chain of massN within its own spanned
volume is given byφself ) NV0/R(N)3. For a Θ solution of
polymer chains with volume fractionφ, the concentration of
binary contacts between a given chain and other chains is
proportional toφselfφ/lp3. Within the double reptation model,
the entanglement degree of polymerizationNe for a Θ solution
of linear chains is therefore given by

It follows thatNe ∼ φ-1. The Colby-Rubinstein prediction of
Ne ∼ φ-4/3 turns out to be closer to the experimental data for
linear chains inΘ solution62 compared to the double reptation
model. However in what follows, we shall analyze the entangle-
ment transition of randomly branched polymers using both
models.

Of course, for the problem at hand, we are interested in
branched polymermeltsnot solutions. However we note that
since the samples are polydisperse, there is a multiplicity of
time scales in the system and on a given time scale, some of
the material has already relaxed and acts as aΘ solvent for the
rest of the unrelaxed material. Therefore, on any given time
scale, we effectively have aΘ solution of unrelaxed material
to which we can apply the above scaling theories to determine
the entanglement weight.

5.2. Fraction of Dynamically Relevant Material. To
determine the fraction of dynamically relevant material on any
given time scale, we note that since we are interested in chain
relaxations on the scale of an entanglement, the relevant
dynamics are Rouse dynamics. Within Rouse dynamics, each
time scale is associated with a mass scale so that time scales
and mass scales are interchangeable, independent of whether
chains are linear or branched (at least at the level of scaling
theory). On time scales associated with a mass scaleN, it is
clear thatwhole moleculeswith mass less thanN are not able
to entangle larger molecules since they have fully relaxed.
However for molecules with mass greaterN, it is also important
to distinguish betweenside brancheswhich have mass less than
N and remaining material which we define asbackbonematerial.
Since side branches smaller thanN are also able to explore all
their internal configurations on the time scale ofN, they are
also not dynamically relevant in terms of entanglement forma-
tion. The only dynamically relevant material is therefore the
“backbone” fraction of large chains.

For linear chains, the distinction between side branches and
backbone is not critical since the fraction of side branches (i.e.,
free ends) is negligible in the limit of long linear chains. Our
assumption that one should neglect the contribution from side
branches when determining the entanglement mass therefore
does not affect our earlier scaling results for linear chains.

To summarize, the procedure we take is as follows. For a
given mass scaleN, we first assess the number of relevant binary
contacts between backbone material at that mass scale (using
either a Rubinstein-Colby or double reptation argument). If,
at some mass scale, the number of such contacts exceeds the
critical value, we conclude entanglements are important at that
mass scale. The smallestN for which this is true definesNe. To
perform this analysis, we need to know the fraction of backbone
material in a molecule at mass-scaleN, which we now calculate.

For N < Nx, the fraction of dynamically relevant material
φ≈1 for both HBPs and percolation systems since at the level
of our current scaling theory, we can neglect any polydispersity
in the branch lengths. ForN > Nx, we can estimate the backbone
fractionφ that survives dynamic dilution as follows. For HBPs,
we can choose a spacer at random and ask for the probability
that the total molecular weight in the upstream direction isN.
Because of the statistical self-similarity of the molecules, this
is equivalent to choosing an unreacted A group at random, and
asking for the probability distribution of the molecular weight
of the molecule attached to it. There is one such A group per
molecule, so this is the number distribution, as given in eq 1
and it scales asN-3/2. If, on the other hand, we ask for the
probability that the total molecular weight in the downstream
direction is N, this is equivalent to choosing an unreacted
B-group at random and asking for the probability distribution
of the molecular weight. Since the number of unreacted B groups
on a molecule is proportional to the mass of the molecule itself,
this gives the weight-average molecular weight distribution,
which scales asN-1/2. Hence, for a randomly chosen spacer,
the molecular weight in the downstream direction is usually
large, and the “side branch” is usually upstream, having a
molecular weightN with probability scaling asN-3/2. The
probability that this randomly chosen spacer is part of a side
branchlarger thanN therefore scales as∫N

∞N-3/2 dN ∼ N-1/2.
As we have said earlier, the spacer needs to be part of a side
branch that is larger thanN to be effective at entangling, soφ
∼ N-1/2.

For mean field percolation clusters, both directions are
equivalent to the “upstream” direction of HBPs. Since one
always takes the smaller molecular weight of the two directions,
in order for a spacer to belong to a side branch larger thanN,
it needs to be part of a side branch larger thanN in both
directions. The volume fraction of backbone material therefore
scales asφ ∼ N-1 for percolation clusters.

5.3. Colby)Rubinstein Model. We first analyze the en-
tanglement transition of randomly branched chains using the
Colby-Rubinstein model. We can apply eq 8 directly to this
problem so long as we recognize thatφ represents the fraction
of dynamically relevant material andR(N) has a different scaling
with respect toN depending on whether the chains are linear
or branched on the mass scale of interest. Specifically, informa-
tion regarding the degree of branching of the chains enters
through the fractal dimensiondf via R(N) ∼ N1/df. As we have
already discussed, the value ofφ depends on the time/mass scale
of interest and branching statistics of the chain: For HBPs,φ≈1
on mass scalesN < Nx while φ ∼ N-1/2 on mass scalesN > Nx.
On the other hand, for percolation clusters,φ ≈ 1 on mass scales
N < Nx while φ ∼ N-1 on mass scalesN > Nx. In addition,

R(Ne)
3
φ

2

lp
3

) nc (8)

R(Ne)
3
φselfφ

lp
3

)
NeV0φ

lp
3

) n′c (9)
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since entanglements are believed to be a collective phenomenon
due to many chains, it is implicitly assumed that we are in the
regime where chains are strongly overlapped (i.e.,N < Nc for
branched systems). Fractal dimensions are therefore given by
their Gaussian values. For both HBPs and percolation clusters,
we therefore havedf ) 2 on mass scalesN < Nx (since chains
are linear on these mass scales) anddf ) 4 on mass scalesN >
Nx (since chains are branched on these mass scales).

In Figure 9, we plotR(N)3φ2/lp3, i.e., the number of dynami-
cally relevant binary contacts (i.e., contacts between backbone
material) within the volume spanned by the mass scaleN, as a
function ofN for HBPs (solid line). We also plot the analogous
curve for percolation clusters (dashed line). ForN < Nx, chains
are linear and the number of binary contacts scales asN3/2 for
both HBPs and percolation clusters, i.e., the number of binary
contactsincreaseswith N. On the other hand forN > Nx, chains
are branched and the number of binary contacts scales asN-1/4

for HBPs and asN-5/4 for percolation clusters, i.e., the number
of binary contactsdecreaseswith N. Consequently for both
systems, the number of binary contacts is maximum for mass
scalesN ) Nx.

In Figure 10, we plotR(N)3φ2/lp3 vs N for HBPs for bothNx

< Ne (dashed line) andNx > Ne (solid line). We also show the
critical number of binary contacts needed to form an entangle-
mentnc within the Colby-Rubinstein model (the intersection
of nc with the increasing portion of theR(N)3φ2/lp3 curve defines
the entanglement degree of polymerizationNe). We see that for
Nx < Ne, the maximum number of binary contacts always falls
below the critical number required for entanglements. Thus,
according to the Colby-Rubinstein model, HBP chains with
Nx < Ne are unentangled regardless of molecular weight. The
analogous plot for percolation clusters is qualitatively the same
except thatR(N)3φ2/lp3 ∼ N-5/4 for N > Nx as we have already
noted. Thus, the Colby-Rubinstein model predicts that percola-
tion clusters withNx < Ne are also unentangled regardless of
molecular weight. Both these predictions are in agreement with

the experimental results in this paper and in the studies of Colby
and co-workers.4-6

5.4. Double Reptation Model.It turns out that we can also
understand the entanglement transition for randomly branched
polymers using the double reptation model and this is the
approach we take in this section. Recall that in the double
reptation model, an entanglement consists of a fixed number
of binary contacts between a given chain and other chains.
However in the case of randomly branched polymers, for a given
chain with original massN, the mass of thedynamically releVant
fraction (i.e., the backbone) on time scales associated withN is
Nφ. The entanglement condition given by eq 9 should therefore
be modified to

In Figure 11, we plotNV0φ
2/lp3, i.e., the number of dynamically

relevant binary contacts between a given chain and other chains,
as a function of the (original) mass of the chainN for HBPs
(solid line). We also plot the analogous curve for percolation
clusters (dashed line). ForN < Nx, chains are linear and the
number of binary contacts scales asN for both HBPs and
percolation clusters, i.e., the number of binary contactsincreases
with N. On the other hand forN > Nx, chains are branched and
the number of binary contacts is constant with respect toN for
HBPs and scales asN-1 for percolation clusters. Consequently
for both systems, the number of dynamically relevant binary
contacts is maximum (or at least starts to plateau in the case of
HBPs) for mass scalesN ) Nx.

In Figure 12, we plotNV0φ
2/lp3 vs N for HBPs for bothNx <

Ne (dashed line) andNx > Ne (solid line). We also show the
critical number of binary contacts needed to form an entangle-
mentn′c within the double reptation model (the intersection of
n′c with the increasing portion of theNV0φ

2/lp3 curve defines

Figure 9. Number of dynamically relevant binary contacts within the
volume spanned by the mass scaleN as a function ofN for HBPs (solid
line) and percolation clusters (dashed line).

Figure 10. R(N)3φ2/lp3 vs N for HBPs forNx < Ne (dashed line) and
Nx > Ne (solid line). We also show the critical number of binary contacts
needed to form an entanglementnc in the Colby-Rubinstein model,
which corresponds to the entanglement massNe. For HBPs,R(N)3φ2/
lp3 ∼ N-1/4 for N > Nx. The corresponding plot for percolation clusters
is similar except thatR(N)3φ2/lp3 ∼ N5-/4 for N > Nx.

Figure 11. Number of dynamically relevant binary contacts between
a given chain with original massN and other chains as a function ofN
for HBPs (solid line) and percolation clusters (dashed line).

Figure 12. NV0φ2/lp3 vs N for HBPs forNx < Ne (dashed line) andNx

> Ne (solid line). We also show the critical number of binary contacts
needed to form an entanglementn′c in the double reptation model, which
corresponds to the entanglement massNe. For HBPs,R(N)3φ2/lp3 is
constant with respect toN for N > Nx. The corresponding plot for
percolation clusters is similar except thatR(N)3φ2/lp3 ∼ N-1 for N >
Nx.

NeV0φ
2

lp
3

) n′c (10)

Macromolecules, Vol. 39, No. 19, 2006 Randomly Branched Polymers6731

CDV



the entanglement degree of polymerizationNe). We see that for
Nx < Ne, the maximum number of binary contacts always falls
below the critical number required for entanglements. The
analogous plot for percolation clusters is qualitatively the same
except thatNV0φ

2/lp3 ∼ N-1 for N > Nx as we have already
noted. Thus, the double reptation model also predicts that for
Nx < Ne, both HBPs and percolation clusters are unentangled
regardless of molecular weight.

5.5. Other Issues.Note that for theNx > Ne plot in Figure
10, the slope of the plot is negative forN > Nx and the line
eventually falls belownc. However one should not conclude
from this that HBP chains at the very high molar mass end of
the distribution are unentangled. Recall that the purpose of
Figure 10 (and Figure 12) was to see when the number of
dynamically relevant contacts first exceedsnc in order to
determine the entanglement molecular weight. For this reason,
we assumed Rouse dynamics for the polymer chains. This results
in mass scales and time scales being interchangeable which is
crucial for the construction of the plot. The Rouse assumption
is self-consistent below the entanglement molecular weight but
breaksdown above the entanglement molecular weight. Every-
thing on the plot to the right of the first point the line crosses
nc is therefore unphysical. Instead, the relevant dynamics in this
regime is the tube model (section 3.3.2) where time scales are
associated with individual segments (rather than mass scales)
and depend on the topological depth of the segment concerned
within the tube. The same comments apply to the corresponding
plots to Figures 10 and 12 for percolation clusters, where the
slopes of the plots are also negative forN > Nx.

In summary, we have constructed a scaling argument that
explains the entanglement transition for randomly branched
polymers in both the HBP and percolation class. Note that in
constructing our scaling model, it was important that we
neglected the contribution from small side branches of large
molecules. If we did not do so we would have to consider the
volume fraction of all molecules larger thanN when calculating
the dynamically relevant fraction of material contributing to
entanglements. For HBPs, the dynamically relevant fraction now
becomesφ ) ∫N

∞n(N′)N′ dN′∼1 (for N > Nx). As a result, forN
> Nx, the number of dynamically relevant binary contacts within
the volume spanned by the mass scaleN now scales asR(N)3φ2/
lp3 ∼ N3/4 while the number of dynamically relevant binary
contacts between a given chain with original massN and other
chains now scales asNV0φ

2/lp3 ∼ N. In both cases, the number
of relevant binary contacts is now a monotonically increasing
function ofN and no longer peaks atNx. This would mean that
both the Colby-Rubinstein and double reptation models predict
that HBP chains can still be entangled even ifNx < Ne, which
clearly disagrees with the experimental data. (For percolation
clusters, the same argument would yieldφ ∼ N-1/2 for N > Nx

so thatR(N)3φ2/lp3 ∼ N-1/4 andNV0φ
2/lp3 ∼ N0. The conclusion

that percolation clusters are unentangled forNx < Ne therefore
remains unaffected.)

6. Conclusions

We have studied the melt rheology of randomly branched
polymers in the hyperbranched polymer (HBP) class which are
formed by the co-condensation of AB and AB2 type monomers.
Specifically motivated by the study of Colby and co-workers4-6

on the percolation class, we have studied the effect of varying
the branch lengthNx on the entanglement transition in the HBP
class. To this end, two series of HBPs were prepared using AB2

mole fractions of 10% (H10) and 1% (H1), respectively. This
allowed us to vary the branch lengthNx from just below to just

aboveNe, the entanglement length for linear chains of the same
chemistry.

For the H10 series (Nx < Ne), we were able to quantitatively
model the low and intermediate frequency rheology data of the
highest molecular weight samples using a dynamical scaling
theory based on the Rouse model. However we found increasing
deviations between theory and experiment with decreasing
sample molecular weight. We attribute these discrepancies to a
break down in dynamic scaling as we go to lower molecular
weights. For the H1 series (Nx > Ne), there is a clear
entanglement plateau for the higher molecular weight samples
and we were able to quantitatively model the rheology around
the entanglement plateau region using the tube model. However
our tube model predicts a premature transition to terminal
scaling, presumably because we have neglected the effect of
branch length renormalization under dynamic dilution. Not-
withstanding these discrepancies, the H10 and H1 rheology data
demonstrate conclusively that the entanglement transition for
randomly branched polymers in the HBP class is controlled by
Nx and the transition occurs aroundNx ≈ Ne. These conclusions
are the same as for randomly branched polymers in the
percolation class.

In the final section of the paper, we showed that these results
can be explained using either the Colby-Rubinstein model or
double reptation model for entanglements so long as we assume
that whole moleculesandside branches with Rouse times less
than the Rouse time of an entanglement do not contribute to
entanglement formation.
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Appendix A. Details of the Tube Model

Because of the relatively low values ofbU andNx for the H1
series, the branched ensemble consists primarily of linear or
terminal species. We therefore use the star-linear blend theory
of Milner and McLeish42 as our starting point for constructing
a tube model for our entangled HBPs. However we include the
following important modifications.

First, in our theory, we account for the presence of “internal”
spacers (with volume fractionφi) which have seniority greater
than 1. Second, Milner and McLeish develop their theory for
the specific case where the dynamic dilution exponentR ) 1
while we generalize to arbitrary values ofR (and later specialize
to the caseR ) 4/3). Third, for the entanglement spacing, we
use theG definition rather than the originalMM definition used
by Milner and McLeish.30 Within theG definition, the entangle-
ment spacing is defined to be

whereG0 is the experimentally measured plateau modulus and
c the number density of monomers. The above definition for
the entanglement spacing was first proposed by Fetters et al.2

(although it has also been attributed to an earlier paper by
Graessley63) and it is used in a recent paper by Likhtman and
McLeish.28 It has the advantage of greatly reducing the number
of “4/5” prefactors in the theory and also leads to much more
intuitive relationships between the tube diametera, the tube
lengthL and the entanglement spacingNe (i.e., a ) Ne

1/2b and
L ) (N/Ne)a).28,30Following Liktman and McLeish, we further

G0 ) 4
5

ckT
Ne

(11)
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distinguish between the plateau modulusG0 and the “entangle-
ment modulus”Ge which we define to be

so thatG0 ) 4/5Ge. Finally we include Longitudinal Rouse
modes28 and fast Rouse motion inside the tube in our theory.

A.1. Fast and Longitudinal Rouse Modes.When an
entangled polymer melt is deformed, it is assumed that the
entanglement network (modeled by the tube) is deformed
affinely.64 This in turn deforms the polymer chains contained
within the tube. The stress carried by chain deformations is
initially relaxed via Rouse motion within a tube. The contribu-
tion of these modes to the complex modulus is given by64

where τR ) (Nx/Ne)2τe and τe are the (rotational) Rouse
relaxation times of a chain of lengthNx and Ne respectively
(the rotational Rouse relaxation time is twice thestressRouse
time). Note that the Rouse spectrum for linear chains (chains
free at both ends) and internal chains (chains tethered at both
ends) is different from that of terminal chains (chains tethered
at one end only) and this is reflected in the above equation.
Note also that we have only included the Rouse modesp g
Nx/Ne since lower Rouse modes are quenched by the tube.

For 2t < τe, although the entanglement network quenches
free (i.e., 3D) Rouse motion, it still allows longitudinal (i.e.,
1D) Rouse motion along the tube. These modes are able to relax
1/5 of the stress carried by the entanglement network28,64 and
are the origin of the4/5 factor in eq 11. The contribution of
these modes to the complex modulus is given by28

Note that the longitudinal Rouse spectrum for linear chains and
internal chains is again different from that of terminal chains65

and this is reflected in the above equation. In what follows, we
discuss mechanisms for relaxing the remainder of the stress (G0

) 4/5Ge) carried by the entanglement network.
A.2. Dynamic Dilution, τ < τd. Before the reptation time of

the linear chainsτd, terminal spacers (of lengthNx) and the two
“arms” of linear chains (each arm having the lengthNx/2) can
both relax via arm retraction (i.e., contour length fluctuations).
The relaxation timeτ<(x) for an arm of lengthN as a function
of fractional distancex retracted down the arm is given by
solving the Ball-McLeish equation in the dynamically diluted
regime

where in theG definition, the constantν ) 3/2, n ) N/Ne, and
Φ is the unrelaxed volume fraction. The second equality comes
from the assumption that the dynamically diluted entanglement
spacingNe(Φ) is given in terms of the undiluted entanglement
spacingNe by

where R is the dynamic dilution exponent. Note that in the
dynamic dilution regime, relaxation time scales can be expressed
in terms of eitherτ or x since the two are related via eq 13.
Changing variables toy ) nx2, eq 13 becomes

which is independent of arm lengthN. Therefore, within Ball-
McLeish theory, the fractional distance for terminal spacersx
is related to the fractional distance for the half-arm of a linear
chain x′ via nxx2 ) y ) nxx′2/2, i.e., x′ ) x2x, wherenx )
Nx/Ne.

Within the dynamic dilution regime, the volume fraction of
unrelaxed material at the time scale corresponding to the
fractional distancex for terminal spacers (orx′ for linear chains)
is given by

wherec1 ) φt + x2φl and we have usedφi + φt + φl ) 1 and
x′ ) x2x to obtain the second equality. Inserting eq 18 into eq
15 and solving, we find

whereU<(x) is the effective potential against which terminal
spacers undergo arm retraction and is given by

Within Ball-McLeish theory, the “attempt frequency”p< in
eq 19 is a constant. However a more accurate expression for
τ< has been obtained by Milner and McLeish in an earlier
paper.66 This involves analyzing the longitudinal Rouse motion
of a semiinfinite chain end at early times, solving the first
passage problem for the free chain end at late times and
constructing a crossover formula that interpolates between these
two results. The final solution yields an effective attempt
frequency in eq 19 which is a function ofx given by

where

and

Ge ) ckT
Ne

(12)

G*Fast)

Ge

Ne

Nx[(φi + φl) ∑
p)Nx/Ne

Nx

i
ωτR

2p2

1 + i
ωτR

2p2

+ φt ∑
p)Nx/Ne

i
ωτR

2(p - 1/2)
2

1 + i
ωτR

2(p - 1/2)
2
]

(13)

GLong
/ (ω) )

1

5
Ge

Ne

Nx[(φi + φl) ∑
p)1

Nx/Ne

i
ωτR

p2

1 + i
ωτR

p2

+ φt ∑
p)1

Nx/Ne

i
ωτR

(p - 1/2)
2

1 + i
ωτR

(p - 1/2)
2
] (14)

d(log τ)
dx

) 2νxN/Ne(Φ) ) 2νnxΦ(x)R (15)

Ne(Φ) ) NeΦ
-R (16)

d(log τ)
dy

) νΦ(y)R (17)

Φ<(x) ) φt(1 - x) + φl(1 - x′) + φi ) (1 - c1x) (18)

τ<(x) ) p<exp[U<(x)] (19)

U<(x) ) 2νnx

1 - (1 - c1x)1+R(1 + c1(1 + R)x)

c1
2(1 + R)(2 + R)

(20)

p<(x) ) ( 1
τearly(x)

+
exp(U<(x))

τlate(x) )-1

(21)

τearly(x) ) 9π3

16
nx

4τex
4 (22)
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Within the G definition,L2/Deff ) 3/2nx
3π2τe whereL ) Nx/

Ne is the tube length andDeff ) 2DR ) 2kBT/Nxú is the effective
diffusion coefficient of the chain end for a chain of lengthNx

(DR is the Rouse diffusion coefficient of the chain andú is the
monomeric friction coefficient). Note that the numerical pre-
factor in eq 22 is different from eq 13 in ref 66 and eq 7 in ref
42 because we are using the G definition (rather than MM
definition) for the entanglement spacing.30 Note also that eq 23
corrects an error of a factor of 2 and the omission of the absolute
sign aroundU′′<(1) in eq 21 of ref 66 and the spurious factor
of x2 in the denominator of eq 7 of ref 42 (see p 817 of ref 30).

The dynamic dilution regime ends at the reptation time of
the linear chainsτd. The fractional distance a terminal arm has
relaxed at the reptation timexd ) x(τd) is given by the solution
of42

Note that the different numerical prefactor in the above equation
compared to eq 9 of ref 42 is again due to our use of the G
rather than MM definition for the entanglement spacing.

Within the dynamic dilution regime, it follows from eq 16
that the shear modulus associated with relaxation time scalex
is

whereG0 ) 4/5Ge is the plateau modulus andΦ is the unrelaxed
volume fraction given by eq 18.

A.3. Constraint-Release Rouse Regime,τd < τ < τc. At
relaxation timesτ ) τd, all linear chains essentially relax
instantaneously and this results in a sudden drop of the unrelaxed
volume fractionΦ (in fact Φ drops exponentially but we can
approximate this as a step function on the time scale of contour
length fluctuations). However one cannot assume that the tube
diameter governing the relaxation of other chains increases as
fast asΦ decreases because the unrelaxed chains explore their
new larger tubes only gradually by a process known as
constraint-release Rouse motion.67 During constraint-release
Rouse motion, dynamic dilution breaks down and the entangle-
ment density is no longer controlled byΦ but a higher
“supertube” fractionΦST. This is the volume fraction of
entanglements that corresponding to the tube diameter that
unrelaxed chains are actually able to explore in the time
available (i.e., the “supertube” ).

Since chains explore their environment via Rouse-like motion
in the constraint-release Rouse regime, the supertube diameter
at relaxation timesτ is given bya(τ)4 ∼ τ. On the other hand
the supertube fraction is related to the supertube diameter via
eq 16, but replacingΦ by ΦST, i.e., a(ΦST)2 ∼ Ne(ΦST) ∼
ΦST

-R. Combining these two equations, we find that in the
constraint-release Rouse regime, the supertube fraction at
relaxation timesτ is given by

whereΦ(τd
-) ) φi + φt(1 - xd) + φl(1 - x2xd) ) 1 - c1xd

is the volume fraction of unrelaxed material just beforeτd.
Equation 26 is the generalization of eq 12 in ref. 42 to general
R.

The constraint-release Rouse regime ends when the supertube
fraction equals the unrelaxed volume fraction, i.e., when the
supertube diameter catches up with the tube diameter corre-
sponding to the fraction of unrelaxed material. Following Milner
and McLeish, we assume that in the constraint-release Rouse
regime, the effect of arm retraction on stress relaxation is
negligible compared to constraint-release Rouse motion. This
means that we can fix the unrelaxed volume fractionΦ to
Φ(τd

+) ) φi + φt(1 - xd), the volume fraction of unrelaxed
material just afterτd. The relaxation time corresponding to the
end of the constraint-release Rouse regime is thus given by

Since the entanglement density in the constraint-release Rouse
regime is controlled byΦST, it follows that the shear modulus
associated with the relaxation timeτ is given by

whereΦST(τ) is given by eq 26.
A.4. Recovery of Dynamic Dilution, τ > τc. For τ > τc,

dynamic dilution once again becomes valid and the entangle-
ment volume fraction is once again equal to the volume fraction
of unrelaxed material which is now given by

Inserting eq 29 into the Ball-McLeish equation, eq 15, and
solving, we find that the effective potential governing arm
retraction in this regime is given by

wherec2 ) φt + φi. The “attempt” frequency in this regime
p>(x) can be obtained from eq 21, usingU>(x) in place ofU<(x).
To ensure continuity of relaxation times acrossτ ) τc, we write
the relaxation timeτ>(x) in terms ofτc as

In this regime, the shear modulus associated with the relaxation
time scalex is once again given by eq 25, but with the unrelaxed
volume fraction now given by eq 29.

A.5. Disentanglement Regime,τ > τu. As stress relaxation
proceeds, the volume fraction of unrelaxed material eventually
becomes so low that the all the chains become disentangled.
For samples which are highly branched and/or have long branch
lengths, this disentanglement transition is negligible part of the
total stress relaxation.42,56 On the other hand, because of the
relatively low values ofbU and Nx for the H1 series, the
disentanglement transition is nonnegligible and needs to be
considered explicitly.

However determining the exact point where disentanglement
occurs is a nontrivial problem due to the possibility of branch-
length renormalization (see section 4.5 and ref 56). For
simplicity, we neglect branch-length renormalization and assume

τlate(x) ) L2

Deff
( 2π
U′′<(0))1/2 exp(U<(x))

[U′<(x)2+
2|U′′<(1)|

π ]1/2
(23)

3nx
3(1 - xx)2τe ) τ<(x) (24)

G(x) ) G0Φ
1+R (25)

ΦST(τ) ) Φ(τd
-)(τd

τ )1/2R

(26)

τc ) τd(Φ(τd
-
)

Φ(τd
+
))2R

(27)

G(τ) ) G0ΦΦST
R ) G0(φi + φt(1 - xd))ΦST(τ)R (28)

Φ>(x) ) φt(1 - x) + φi (29)

U>(x) ) 2νnx

c2
2+R - (c2 - φtx)1+R(c2 + φt(1 + R)x)

φt
2(1 + R)(2 + R)

(30)

τ>(x) ) τc

p>(x)

p>(xd)
exp[U>(s) - U>(sd)] (31)
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that disentanglement occurs when the dynamically diluted
entanglement length is equal to the undiluted branch length,
i.e.,

whereΦST ) Φ in the dynamic dilution regime. This condition
defines a disentanglement timeτu. Thus, for all the dynamic
regimes mentioned above, we first check that the condition
nxΦST

R > 1 is satisfied throughout the regime, otherwise that
relaxation regime is terminated atτ ) τu and replaced by
terminal Rouse relaxation of the remaining unrelaxed material.
For all the samples in the H1 series,τu occurs before the full
relaxation of terminal spacers, i.e., within one of the three
regimes mentioned in sections A.2 to A.4. For more highly
branched and/or longer branch length samples, it is possible
thatτu occurs beyond the full relaxation of terminal spacers. In
this case, one can readily extend our theory by adapting the
theory of Blackwell et al.21 (which considers well entangled
Cayley trees) to highly entangled HBPs.

For τ > τu, the unrelaxed material can be considered to be
an ensemble of unentangled “snipped” molecules in aΘ-solvent
formed by the relaxed material. Noting thatτu

-1 plays the same
role asεx in eq 2 and changing variables fromε to τ ≡ 1/ε, the
complex shear modulus forτ > τu is given by a simple extension
of eq 2 as

HereG0 ) 4/5Ge is the plateau modulus,dR/2 ) df/(df + 2) )
2/3 (assumingdf ) 4) anda ) Nx/Nchar(Φu), whereNchar(Φu)
) NcharΦ(τu) is the largest characteristic degree of polymeri-
zation of the dynamically diluted ensemble.

A.6. Shear Relaxation Modulus.The contribution of the
relaxation modes in sections A.2-A.4 to the complex modulus
can be calculated from

where the second expression is only applicable to the dynamic
dilution regime where relaxation times can also be expressed
in terms ofx. HereG(τ) (G(x)) is the shear modulus associated
with the relaxation time scaleτ (x) and is given by eq 25 in the
dynamic dilution regime and eq 28 in the constraint-release
Rouse regime.

Inserting the relevant expressions for the shear modulus into
eq 34, and combining with the high and low-frequency
relaxation modes described in sections A.1 and A.5, respectively,
the total complex modulus of the system is given by

The first term in the above equation is the contribution from
the arm retraction of terminal spacers and contour length
fluctuations of linear chains beforeτd with Φ<(x), τ<(x) given
by eqs 18 and 19, respectively. The second term is the
contribution from constraint-release Rouse dynamics withΦST

given by eq 26. The third term is the contribution from arm
retraction of terminal spacers afterτc with Φ>(x), τ>(x) given
by eqs 29 and 31, respectively. The fourth term is the
contribution from the sudden drop in modulus from
G0Φ(τd

-)ΦR
ST(τd) to G0Φ(τd

+)ΦR
ST(τd) atτd due to the reptation

of linear chains. FinallyGFast
/ (ω), GLong

/ (ω), GSlow
/ (ω) are the

contributions from fast, longitudinal and slow Rouse motion
given by eqs 13, 14, and 33 respectively. Note that for
definiteness we have assumedτu > τc in eq 33. For τu < τc, the
above expression is readily modified as explained in the previous
section. Rather remarkably, eq 35 contains only three fitting
parameters, namelyGe, Ne, andτe, which are the entanglement
modulus, spacing and Rouse time, respectively.

Supporting Information Available: Text giving the details of
the reaction-kinetics model and txt files giving data files for the
rheology results for the H1 and H10 series. This material is available
free of charge via the Internet at http://pubs.acs.org.
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